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1. INTRODUCTION 
A nonassociative ring R is called antiflexible if (x, y, Z) = (z, y, x) holds 
for all x,y, x E R, where the associator (3c,y, x) is defined by (x, y, Z) .= 
(my) x - r(yx). A number of properties of antiflexible rings are given by 
Kosier in [4], by,Rodabaugh in [5]; simple antiflexible rings are characterized 
to some extent in [l] by Anderson and Outcalt. In this paper, we investigate 
the properties and the structures of primitive and prime antiflexible rings. 
2. PRELIMINARIES AND NOTATION 
In any nonassociative ring, the following identities hold: 
w(x,y, x) + (w, x,y)22 = (wx,y, 2) - (w, xy, x) + (w, x,yz) (2.1) 
by, 4 - 4Y, 4 - h “IY = (X,Y, 4 - (.T, %Y) + (z, x, y) (2.2) 
where the commutator [x, y] is defined by [x, y] = my - ye. 
For any ring R, the characteristic of R is prime to 2 if x + x = 2x = 0 
implies x = 0. From now on, unless stated otherwise, R will refer to an anti- 
flexible ring R, such that characteristic of R is prime to 2 and the identity 
(x, x, x) = 0 (2.3) 
holds in R. It is immediate from this assumption that in R, linearization of 
(2.3) gives the identity 
(4 y, 2) + (Y, x, x) + (2, x, y) = 0 
The following important identity is proved in [I]: 
(% [~,Yl> 4 = 0 
for all 20, x, y, x E R. 
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Although the Sections 3 and 5 are labelled as “Primitive” and “Prime”, 
some of the necessary definitions are given for any R of the above sense. 
Also in what follows, an expression of the form (R, a, b) means the set of all 
finite sums of (x, a, b) for x E R; analogous arguments are meant for other 
form of similar expressions. 
3. PRIMITIVE RINGS 
DEFINITIOK 3.1. A right ideal A of R 1s called regular if there exists an 
element g E R, such that x - gs E rZ for all x E R. 
DEFINITION 3.2. R is called prinzitz’z~ if it contains a regular maximal 
right ideal, which contains no two-sided ideal of R other than the zero ideal 
(0). 
LEtifn,IA 3.3. Let A be a right ideal of R. Then, 
(i) S = (s E /I : Rs C A) 
is a two-sided ideal of R; 
(ii) (R, A, R) C S. 
Proof. (i) For any x E S, x E R, consider sx and XS. 
Let y E R. Then using (2.4), 
y(m) = -(y, s, x) + (ys)x 
= (s, J.4 y) + (s, Y, 4 + (YS).% 
that is y(z~) E A, and hence sx E S. Also, 
y(m) = -(y, x, s) + (yx)s 
= -is, ,h*, Y) + (Y3L’)S 
and hence y(ss) E a, and xs E S. It follows that S is a two-sided ideal of R. 
(ii) Foranyx,yER,aEr?l, 
(s, a, y) = -(a, x, y) - (a, y, x) 
by (2.4). Hence, 
(R, A, R) C A. 
Let .z E R be arbitrary. Then by (2.1), 
z(s, a, y) = (zx, a, y) - (a, xa, y) + (a, x, ay) - (x, x, a)y. 
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BY (25), (z, xa, y) = (z, ax, y) and by (2.4), 
(xx, a, y) = -(a, xx, y) - (a, y, xx). 
Thus, 
4x> a> Y) = -(a, xx, y) - (a, y, zx) - (z, ax, y) + (uy, x, z) - (a, x, z)y 
and hence, 
This implies that 
z(x, a, y) E A. 
(Ii, A, R) c s. 
THEOREM 3.4. If R has a maximal right ideal A # (0), which contains no 
two-sided ideal of R other than (0), then R is associative. 
Proof. By Lemma 3.3, S is a two-sided ideal of R contained in A. There- 
fore S = (0), and hence (R, A, R) = (0). 
On the other hand, it is easy to verify that A + R9 is a two-sided ideal of 
R. Since A s A + RB, we must have A + RA = R. Thus, considering 
(R, R, R) = (R, A + Rd, R) = (R, RA, R). 
But 
(R, RA, R) = (R, AR, R) C (R, A, R) = (0). 
Therefore, 
(R R R) = CO), 
that is, R is an associative ring. 
THEoREnf 3.5. If R is a primitive ring, then either R is associative or it is 
simple with an identity element. 
Proof. Let A be a regular maximal right ideal of R, with a modular 
element g. Either A = (0) or A # (0). If A # (0), by Theorem (3.4), R is 
associative. Thus, assume that every regular maximal right ideal of R is (0). 
In particular, there exists g E R, such that x - gx = 0 for all x E R. Therefore 
every right ideal of R is regular. By Zorn’s Lemma any regular right ideal 
of R can be imbedded in a regular maximal right ideal of R. Therefore R has 
no proper right ideals, and hence R is simple. The proof will be complete 
if we show that g is the identity element of R. By assumption g is a left 
identity element. Consider the set 
L = {x E R : xg = x}. 
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Let y E R, and n EL. Then, 
0 = (g, x, y) = (y, x, g) 
= (yx) g - yx. 
Therefore, ye EL, which implies that L is a left ideal of R. Since g EL, 
L # (0). Then Lemma (3.1) of [l] implies that L = R, and thus g is a right 
identity element of R, therefore it is the identity element of R. 
4. SEMI-SIMPLE RINGS 
Using the theorem (3.9, and a result of Anderson and Outcalt [l, p. 313, 
Lemma 3.11 we investigate the structure of semisimple antiflexible rings in 
the manner of [3]. 
LEMMA 4.1. Let 9 denote the intersection of all regular maximal +ht 
ideals in R. Then 92 is a two sided ideal of R. 
Proof. Define an ideal B of R to be a primitive ideal if the ring RIB is 
a primitive ring. We prove that intersection of all the primitive ideals of R 
is 9. 
Suppose that B is a primitive ideal of R. R/B is a primitive ring; therefore 
by Theorem (3.9, R/B is either a simple ring with an identity element or it 
is an associative ring. In either case the intersection of the regular maximal 
right ideals of R/B is zero: If R/B is simple then by the Lemma (3.1) of [I], 
R/B has no one sided proper ideals. If R/B is associative, Jacobson’s density 
theorem implies that the intersection of all regular maximal right ideals of 
the associative primitive ring R/B is zero. Thus, the intersection of all 
regular maximal right ideals of R is contained in B for any primitive ideal B 
of R. 
Conversely, intersection of all primitive ideals of R is contained in every 
regular maximal right ideal A of A: this is clear by the maximality of d, 
for every such 8. 
Thus the intersection of all primitive ideals is W and hence .2 is an ideal 
of R. 
DEFINITION 4.2. 92 is defined to be the radical of R. R is called semi- 
simple if B = (0). 
THEOREM 4.3. Let R be a semisimple ring. Then, R is a subdiyect sum of 
simple rings with an identity element and associative primitive rings. 
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Proof. R is semisimple; therefore, W = (0) which is the intersection of 
all primitive ideals {B} of R. Then R is a subdirect sum of rings each of 
which is isomorphic to R/B for some primitive ideal B of R. Since each R/B 
is a primitive ring, Theorem (3.5) implies the conclusion. 
Thus, R/92 is a subdirect sum of simple rings with an identity element and 
associative primitive rings. 
In [5], Rodabaugh defined a radical of a finite-dimensional.power associative 
antiflexible algebra XL as the maximal nil ideal of A. It remains to investigate 
other definitions of possible radicals and their relations to each other. 
5. PRIME RINGS 
For any nonassociative ring R, the nucleus N, the center 2 and the middle 
nucleus M are defined as follows: 
N = (n E R: (n, R, R) = (R, n, R) = (R, R, n) = (0)) 
2 = {.z EN: [x, R] = (0)) 
M = {m E R: (R, m, R) = (0)). 
It is evident that N _C M and Mill 2 M. By (2.5), [R, R] C AL Also, by 
(2.4) for any x E R, x E N if and only if (x, R, R) = (0). 
LEMMA 5.1. Let R be a zing with the nucleus N. Then, 
(i) N(R, R, R) = (NR, R, R), 
(ii) (R, R, R)N = (R, R, RN), 
(iii) N(R, R, R) = (R, NR, R), 
(iv) [N, (R, R, R)] = (0). 
Proof. Applying (2.1) to n E N, X, y, I E R, we get 
(nx, y, 4 = 4-6 Y, z> 
(x, y, ,222) = (x, y, z)n 
which implies (i) and (ii). 
(iii) follows from the following: 
(x, ny, z) = (x, yn, 2) 
= (x, Y, =) 
= (nz, y, +,) 
= 4-6 Y, 4 
by (2.5) 
by (2.1) 
by (9. 
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For (iv), consider 
n(x, y, z) = (x, rzy, z) by (iii) 
= (xn, y, z) by (2.1) 
= (z, y, mz) 
= (z, y, x)n by (ii) 
= (x, y, z)tz 
or 
[n, (x, y, z)] = 0 
which implies [N, (R, R, R)] = (0). 
COROLLARY 5.2. [R, N] c iv. 
Proof. For any n E N, 2, y, x E R, 
(nx, y, 2) = n(x, y, 2) 
= (s, y> Z)TZ 
= (z, y, x)n 
= (z, y, srz) 
= (x12, y, z) 
Or 
(h .4l,Y, 4 = 0 
which implies ([R, N], R, R) = (0). 
Therefore [R, N] C N. 
LEMMA 5.3. Let R be a ring with nucleus il’. If 1 is the ideaf generated by 
the set [R, N], t/Zen, 
(i) I= [R, NJ + R[R, N] 
(ii) I C N. 
Proof. (i) For any w, x, y, z E R, and n, , n, E AT, 
[x, nJw = [[x, ?ZJ, zu] + w[x, n,]; 
hence, 
[x, rzJw E [R, IV] + R[R, A/]. 
Also, 
(Yh %J>zu = Yh 44 
= Y(E[% %I, 4 + =r’Ez, %I) 
= Y[L% %I> WI + bq% %I; 
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(ykz, n&w E I& W + WC Nl. 
Thus [R, N] + R[R, N] is an ideal of R and it contains [R, IV]. Therefore, 
I C [R, N] + R[R, N]. 
The converse inclusion is clear. Thus 
I = [R, N] + R[R, N]. 
(ii) Since I = [R, N] + R[R, N], and [R, N] Clv, using (2.4) and 
Lemma (5.1), it is immediate that the following are all equivalent: 
(a) ICN, 
(b) (A R RR) = (0); 
(4 (W, W, R RI = (0); 
(4 [R, Nl(R R J-9 = (0). 
Now, let x, y E R and rz E N. Then by (2.2) 
or 
so 
But, 
hence, 
which implies that 
By definition of M, 
[x72, y] - $2, y] - [x, y]72 = 0 
x[y, a] = -[x72, y] + [x, y]n. 
X[Y, 4 E [R, RI + [R, JW. 
[R, R] + [R, R]N _C M; 
x[y, n] EM 
R[R, N] C M. 
(R RF, W, R) = (0). 
But Lemma (5.1) and Corollary (5.2) imply that 
(R, RP, W, 4 = Ip, NW, R R). 
Therefore 
[R, VCR R, 9 = (0). 
Thus by (d), we have I _C N and the proof of the Lemma is complete. 
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We now give the definition of a prime ring and prove the main theorem 
of this section. 
DEFINITION 5.4. A ring R is said to be prime if for any two ideals 
A, B of R, 
AB = (0) implies A = (0) or B = (0). 
THEOREM 5.5. Let R be a prime ring. Then, either R is associative or 
N = z. 
Proof. Suppose that R is not associative. Then there exists X, y, .z E R, 
such that 
(x, Y, 4 + 0. 
Let A be the ideal generated by (x, y, z). _r?l is a nonzero ideal of R. Suppose 
pEIandtER. 
Since I is an ideal and I _C IV, 
by, X>P = (3, y, XP> = 0. 
Then this identity together with 
(.? y, 4t = -X(Y, x, t) + (XY, 2, t) - (XI YX, (I + (x, y, xt> 
imply that 
AI = (0). 
Since R + (0) and R is prime, we must have I = (0). 
In particular [R, N] = (0) or N = Z. 
This completes the proof. 
DEFINITION 5.6. A ring R is called purely antiflexible if the nucleus N 
of R contains no ideals of R. 
Using this definition, we state Theorem (5.5) in a slightly more general 
form: 
THEQWM 5.7. A prime ring R is either associative or purely antifEexible. 
Next, we consider a ring R with an idempotent e. If R is power associative, 
it is known [3] that R has a Peirce decomposition with respect to e: 
where, 
R = fz,, + R,, + R,, + R,, 
R,,={xER:ex=ix,xe=jx i,j=O,l>. 
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The same conclusion holds if R satisfies the weaker associativity condition 
(2.3). The proof is quite elementary. We use this fact in 
THEOREM 5.8. Let R be a prime ring with an idenzpotent e. If R is not asso- 
ciative, then e is the identity elenzefzt of R if and only if e EN. 
Proof. Assume that e E N. So e E Z. 
Consider the Peirce decomposition 
R = R,, + R,, + R,, + Ro, 
of R with respect to e. Since, 
R,, = eR,, = R,,e = (0) 
R,, = R,,e = eR,, = (0) 
R = R,, + R,, . 
Also e EN implies that R,, and R,, are ideals of R. Also we have 
R is prime, e E R,, imply that R,, = (0). Thus R = R,, and e is the identity 
element of R. 
It is not determined whether a simple ring with (2.3) must have an iden- 
tity element or not. The following Corollary states that in order to look for 
an identity element, it suffices to look for some special idempotent. 
COROLLARY 5.9. If R is simple, not associative with an idempotent e EN, 
then e is the identity element of R. 
COROLLARY 5.10. Let R be a prime ring. If R is not associative then the 
nucleus N of R has no nonzero divisor of zero. 
Proof. By Theorem (5.5), iV = Z = center of R. By definition of Z, the 
ideal of R generated by the element zi E Z is xiR + IX~, where I = ring of 
integers. Then, 
(z,R)(z,R) C (z1z2)R 
implies that Z has no nonzero divisors of zero. 
6. GENERMZATIONS 
So far we always considered antiflexible rings with the third power associa- 
tivity condition: 
(x, x, 32) = 0 for all x E R. 
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In this section we will drop this condition and observe that some of the 
previous results still hold. 
Suppose R has an idempotent e. Then, in order that R has a Peirce decom- 
position with respect to e, it is necessary and sufficient that 
(e, e, R) = (0) = (e, R, e). 
LEMMA 6.1. Suppose R has a Peisce decomposition with Pespect to an 
idemnpotenzt e. Then the submodules Rij,i, j=O,l i satisfy the foUouGzg: 
(i) RiiRi, _C Rii + Rjj , i # j; 
(ii) RijRj, C Rii + R.zr + Rii , i + j; 
(iii) RiiRj, C R,,; , i + j. 
RijR,, = (0) if j + k, (;, j) f (k, ZL’) and, either i + j or k + 1. 
(iv) R,Rfj C Ri, + Rji , i f j. 
(v) RiiRjzj = RjiRi; C Ri; + Rj,, i + j. 
THEOREM 6.2. Suppose R has an idempotent e such that (e, e, R) = (0) .= 
(e, R, e). If R has the property [R, R] C Al, then R has a Peirce decomposition 
and Rii satisfy 
(i) RiiRii C Rii + Rjj , i f j. 
(ii) RtjRj, C R,, , i f j or j f k. 
(iii) R,,Rj, = (0) = RijR,, , i f-j. 
(iv) R,,Rij C Rij , i + j. 
(v) RZiRj, C R,i + Rjj, i # j. 
The proofs of Lemma 6.1 and Theorem 6.2 are elementary but rather long. 
Therefore we only give an outline of the proofs: 
Suppose that fir, ylr E R,, . Then, 
or 
Assume that 
4~5~) + bwll)e = xllyll + 3’11~~11 . 
%lYll = r11 + YlO + 701 + Too 
Yll”% = Sll + SlO + so1 + so0 for sij , sij E Rij . 
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Then the identity (*) gives 
1’11 + YIO + Sll + so1 = r11 + r10 + To1 + Too + .Ql + SlO + so1 + so0 . 
Therefore, 
r 00 - -sol), P 01 = 0 = SIO . 
Similarly, by symmetry we get 
Thus, 
that is 
1’10 = 0 = so1 . 
%lYll = Yll + Too 3 YllXll = Sll - Too 9 
The rest of the proof of Lemma (6.1) can be done in a similar manner. For 
the proof of Theorem 6.2, we need only show 
RijRi, C Rii and RijRij _C Rij for i f j. 
Let q. E R,, , and ~t,r E R,, . 
Since 
31: r. = [e, qo] E M and xoI = [xoI , e] E M, 
we have 
0 = b-10 9 yo1 > 4 = (xlOYO& - xloYOl y 
and 
0 = (e, YOl 3 xlo) = --e(yo,.~lo) 
or 
(~loyolol)e = ~lo~ol , and 4y0lxlo) = 0. 
Similarly, 
4~loyol) = ~loYol and (Yolzclo)e = 0 
which imply RiiRji C Rii , for i # j. R,iRij C Rij for i # j can be shown 
with a similar argument. 
Remark. The assumption that all the commutators are contained in the 
middle nucleus M of R gives a nontrivial extension of antiflexible rings 
which are third power associative. For that purpose, see the example at the 
end of this section. 
A careful inspection of the proofs of Lemma (5.3) and Theorem (5.5) 
shows that the third power associativity can be replaced by the weaker condi- 
tion that [R, R] C M. Thus, 
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THEOREM 6.3. Let R be a prime ring such that [R, R] C M. Then either R 
is associative or N = Z. 
Using Theorems (6.2) and (6.3) we have the following generalization of 
Theorem (5.8): 
THEOREnT 6.4. If R is prime, not associative with an idem$oteM e and 
[R, R] C M, then e is the identity element of R $ and only if e E K. 
We now give an example which serves several purposes: 
EXAMPLE. Suppose that the ring R is defined by the following muhiplica- 
tion table together with all finite sums of t, a, b, C, d, h, such that 
x + xl= 2x + 0. 
e a b c d h 
e e b 0 0 0 0 
a h c 0 0 0 0 
b 0 0 0 0 0 0 
C 0 d 0 0 0 0 
d 0 0 0 0 0 0 
h h+b 0 0 0 0 0 
First, observe that 
(a, a, a) = aBa - aa2 = ca - ac = d f 0. 
Therefore, R is not third power associative. 
R is antiflexible: It suffices to check (e, e, a) = (a, e, e) 
(e, e, a) = ea - e(ea) = b 
(a, e, e) = (ae)e - ae = he - h 
=h+b-h 
= b. 
On the other hand, since 
(e, e, a) = b + 0, 
R does not have a Peirce decomposition with respect to the idempotent e. 
However, R has the property that 
[R, R] C llf. 
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To see this it suffices to check 
(e, ae, e) = (e, h, e) = (elz)e - e(he) 
= 0 - e(lz + B) = 0 
and, 
Therefore 
(e, ea, e) = (e, b, e) = 0. 
(e, [a, 4, e) = 0. 
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